A new method is presented for "extending" 2D radiographs into the third dimension. Pixel grey values, reflecting X-ray intensity losses, are converted into average attenuation coefficients, and the latter are related to vascular porosities in cortical and trabecular bone. These conversions contain information on cortical and overall mandibular thicknesses, pixel-specific bounds for which can be finally assessed from the pixel brightness. Computed thickness profiles allow for localizing potential abnormalities in the mandible, as incentive for further, targeted examination.
Introduction
In dentistry, clinical treatment of a patient is often commenced by radiologically assessing the mandible. Since this technique is based on the so-called X-radiation, it is usually referred to as X-ray imaging [1] . The such produced, two-dimensional (2D) images reflect the loss of Xray intensity when transmitting the mandibular objects, and this loss is quantified in terms of corresponding grey values. By naked eye, X-ray images allow for detection of major irregularities, such as carious tooth decay [2] , or severely damaged areas in the mandible, as it may occur in certain types of cancer [3] . As a complement to this standard use of such images, we here invest into retrieving from these 2D images information concerning the third dimension.
Therefore, a new method is developed, based on the average rule of X-ray attenuation coefficients [4, 5, 6] , which states that the attenuation coefficient related to a three-dimensional (3D) voxel in a 3D object is equal to the volume average of the attenuation coefficients of the material constituents found within this voxel. It allows for translation of millimeter-sized bone voxel attenuations to voxel-specific vascular porosities. Integration of attenuation coefficients over the organ thickness delivers the aforementioned intensity losses -and this allows us to "backanalyze" from 2D radiographs, based on physiologically typical vascular porosities, upper and lower bounds for the pixel-specific thickness of the organ. This is described in detail in the sequel of the present paper: After introducing the two types of bone found in the mandible (Section 2.1), attenuation-intensity loss relations are developed in Section 2.2, followed by attenuation-porosity relations in Section 2.3. Results on extension of 2D images into the thickness direction are covered in Section 3, before the paper is concluded in Section 4.
Materials and ethods

Bone types discernible on 2D radiographs of the human mandible
2D greyscale X-ray images are commonly used in daily clinical practice (e.g. by dentists), see Figure 1 (a). Regions related to two types of bone can be discerned on such images [7, 8, 9 ]:
• Purely cortical bone: The so-called substantia compacta constitutes the compact outer layer of bone, also referred to as cortical bone. In the grey value representation of Figure 1 (a), cortical bone regions appear as lightish areas (high grey values) at the lower boundary of the mandible.
• Mixed cortical/trabecular bone: The spongiosa is a spongy-like assembled system of slim bone platelets, enclosed by a shell of cortical bone. The bone platelets are denoted as trabecula, thus spongious bone is alternatively referred to as trabecular bone. In Figure 1(a) , mixed cortical/trabecular bone regions are located above the regions of purely cortical bone, and they appear as dark regions (low grey values). 
Pixel evaluation: attenuation-intensity relations
X-ray imaging is based on greyscale-based visualization of the spatial variations in intensity of X-radiation, due to location-specific X-ray intensity attenuation upon transmission through the investigated (imaged) object. The attenuation (i.e. reduction) of intensity, ∆I, along an X-ray through a solid body amounts to [11, 12, 13 ]
where I 0 is the initial radiation intensity, I is the radiation intensity after leaving the scanned object, µ is the attenuation coefficient, s is the X-ray position, l s is the transition length of the X-ray, and ds is an infinitesimal length. (1) refers to one pixel (i.e. the smallest, typically square item of information in a 2D image, defining its resolution). More precisely, when also considering the position-dependence of the involved physical quantities, the pixel-specific grey values χ are proportional to the so-called optical density ρ opt [14] χ(x) ∝ ρ opt (x) = log 10
with x = x 2D = xe x + ye y denoting the position of the considered pixel in the 2D X-ray image (each pixel is related to just one constant grey value); e x and e y are mutually orthonormal unit vectors in x-and y-direction, respectively. Furthermore, (2) and (1) imply that χ(x) is proportional to ls(x) µ(s, x) ds,
Thus, 2D X-ray images represent a distribution of line integrals over attenuation coefficients. If the thickness of the scanned material is known, the average attenuation coefficient,μ(x) can be determined [15] ,
where d(x) is the thickness at position x. Accordingly, the average attenuation coefficient of a solid body, composed of N l homogeneous layers with attenuation coefficients µ 1 , µ 2 , ..., µ N l , and layer thicknesses
We will now apply the averages defined by (4) and (5) to X-rays sent through a human mandible, orthogonal to its surface. Within the obtained 2D image (see Section 2.1 and Figure 1 ), two regions are of particular interest: (i) regions of purely cortical bone, and (ii) regions of mixed cortical/trabecular bone. According to (3) and (4), regions of purely cortical bone are characterized by a grey value χ cort (x), fulfilling
where χ cort (x) is the cortical bone-related, image-derived grey value at position x, with d cort (x) as the corresponding mandible thickness, µ H 2 O is the (constant) attenuation coefficient of water, and P is a factor of proportionality. Purely cortical bone is a composite material, built up by the constituents "solid bone matrix", and "vascular pore space" (filled with, from a radiation physics point of view, water-like liquid). While the chemical composition (and consequently, the attenuation behavior) of the bone matrix is constant throughout adult human mandibles, see [5] and references therein, the vascular porosity varies spatially. Bone with higher porosity exhibits lower density, leading to darker representation (lower grey values) on X-ray images. For calibration of proportionality factor P we consider a subregion within purely cortical bone which is, composition-wise, representative for healthy cortical bone, exhibiting grey value χ cort,avg . Specification of (6) for χ cort (x) = χ cort,avg yields
where d cort,avg is the related thickness of the considered subregion within purely cortical bone, and µ cort,avg is the related attenuation coefficient 1 . The ratio (µ cort,avg /µ H2O ) can be quantified through Hounsfield units HU , defined as
From a statistical analysis of three-dimensional (3D) computed tomography (CT) data acquired from human mandibular bone [5] , we know that HU cort,avg = 1626, thus
Note that, merely for conciseness, variable ζ 1 is used subsequently, substituting the term µ cort,avg /µ H 2 O . Substituting ζ 1 into (7) gives then access to the factor of proportionality P, and in further consequence, via (6),μ cort (x) can be related to χ cort (x), through
Specification of (5) for the three-layered composition of mixed cortical/trabecular bone yields
as the total thickness of the mandible, comprising exterior and interior cortical parts, as well as a trabecular compartment in between, see Figure 1 (b). Alternatively, the term left of the equal sign in (11) can be expressed analogously to (10) ,
with χ mix (x) denoting the grey value at position x within the mixed cortical/trabecular region in Figure 1(a) .
Attenuation-porosity relations
If X-rays are transmitted through a composite material with constituents having characteristic lengths smaller than that of the image pixels, the composite attenuation coefficient µ can be expressed in terms of the attenuation coefficients of the single constituents µ i , according to [4, 11] 
where ρ i is the mass density of constituent i, (µ/ρ) is its mass attenuation coefficient, ρ * i is its apparent mass density, f i is its volume fraction; and N c is the total number of constituents, i = 1, ..., N c . (13) expresses that the composite attenuation coefficient is the volume average of the constituents' attenuation coefficients. We reiterate from Section 2.2 that cortical and trabecular bone are composite materials, built up by the constituents "solid bone matrix" (index BM) and "vascular pore space" (index H 2 O), with volume fractions (1 − φ cort ) and φ cort , φ cort denoting the vascular porosity in purely cortical bone. Accordingly, application of averaging rule (13) to cortical bone yields
Through re-arrangement of (14) one obtains
Derivation of a functional relation between φ cort (x) and χ cort (x) requires insertion of the grey value-dependencies ofμ cort (x)/µ H 2 O and µ BM /µ H 2 O into (15) . As for the former, (10) is inserted into (15) . As for the latter, we make use of the previously identified proportionalities: It has already been established that µ cort,avg /µ H 2 O = 2.626, see (9), with a corresponding average cortical porosity provided by experimental studies, φ cort,avg = 0.036 [16, 17, 18] . These references also report the minimum porosity observed in mandibular cortical bone to amount to φ cort,min = 0.011. The corresponding Hounsfield unit, HU cort,φcort,min , is also known from statistical analysis of 3D CT data acquired from human mandibular bone [5] , HU cort,φcort,min = 1750, thus it follows from (8) that µ cort,φcort,min /µ H 2 O = 2.75. Considering again (14) , this allows for deriving an expression for µ BM /µ H 2 O , which is then inserted into (15), under consideration of φ BM = 0, yielding
As for the mixed cortical/trabecular region, attenuation average rule (13) needs to be specified three times, see 
with
Clearly, evaluation of (17) and (18) requires knowledge of the vascular porosities in the cortical shells in the mixed cortical/trabecular region, φ mix cort,ex (x) and φ mix cort,in (x). For instance it may make sense to assume a constant vascular porosity in the cortical compartments of the investigated cross section, based on the measured distribution of Hounsfield units, and to attribute grey value variations to a varying vascular porosity in the trabecular core. Contrary to the above described scenario, where the vascular porosity in the cortical shells is a (constant) input parameter, and the vascular porosity in the trabecular core is calculated based on grey value χ mix (x), the opposite may be the case, where the porosity of the trabecular core is known, and the previously introduced equations are specialized such that the vascular porosity in the cortical shells can be derived,
Notably, (19) is based on the assumption that the exterior cortical shell exhibits the same porosity as the interior one,
. Evaluation of (19) and (20) 
Results: thickness distribution along a cross-section of mandibular bone
For demonstrating how the method presented in Section 2 can be utilized in clinical practice, we consider the X-ray image given in Figure 1(a) , and in particular a cross-section through the mandible (perpendicular to the image plane), just next to the right distal lateral incisor (abbreviated to RDL), as illustrated in Figure 2 (a). In this way, the corresponding grey value profile, χ RDL (x), depicted in Figure  2(b) , is obtained. The first study presented in this section aims at investigation of the cortical thicknesses, both in purely cortical bone and in regions of mixed cortical/trabecular bone, based on the aforementioned grey value profile, and on prescribed cortical and trabecular porosities. In this study the trabecular porosity is held constant at its average value, φ mix trab (x) = φ trab,avg = 0.793 [16] , whereas two values for the porosity in cortical bone are considered, φ cort (x) = φ mix cort,ex (x) = φ mix cort,in (x) = {0.011, 0.2}. The first value relates to the minimum porosity observed in cortical mandibular bone, and the second value represents the upper physiological limit for the cortical porosity. Furthermore, throughout the present section, we consider the mandible cross-section of Daegling [10] , see Figure 1 (18) and (19) , respectively, and considering α trab = 0.7 as introduced before, gives, upon rearrangement of these equations, access to the corresponding minimum and maximum thicknesses of purely cortical bone as well as of the cortical shells of mixed cortical/trabecular bone, see Figure 2 (c).
In the second study presented in this section, the expected thickness corridor of the trabecular core in mixed cortical/trabecular bone is investigated. To that end, the cortical porosity is held constant at φ cort (x) = φ mix cort,ex (x) = φ mix cort,in (x) = φ cort,avg = 0.036 [16, 17, 18] . For the porosity of the trabecular core in the subdomain of χ RDL (x) representing mixed cortical/trabecular bone, two limit values are prescribed, φ mix trab (x) = {0.6, 0.95}, again relating to the minimum and maximum porosities that are expected in trabecular mandibular bone [18, 19] . Analogously to the first study, these values for φ mix trab (x) are then substituted into (17) and (18) , giving access to the corresponding minimum and and maximum thicknesses of the trabecular core along the studied grey value profile, see Figure 2 The thickness profiles, calculated as described above and depicted in Figures 2(c) and (d) , show a number of interesting features. Most remarkably is, in both studies, the very narrow range of physiologically relevant thicknesses of the cortical shells in mixed cortical/trabecular bone. This means that for a certain grey value, in this region, the variance of cortical thickness is somewhat limited when considering physiologically meaningful vascular porosities. Furthermore, a comparison of Figures 2(c) and (d) reveals that the ranges of cortical and trabecular thicknesses predicted by our method are fairly independent of whether the trabecular or the cortical porosity is kept constant.
The underlying X-ray image, see Figures 1(a) and 2(a), respectively, is related to a healthy mandible, thus the computed thickness profiles can be likewise associated with healthy, intact bone tissue. The model presented in this paper can also be utilized to localize "flaws" in the mandibular bone tissue, which are possibly not obvious if analyzing the X-ray image by naked eye only. Introducing significant punctual deviations from the grey value profile depicted in Figure 2 Thus, if an X-ray image analysis reveals such thickness deviations, two reasons are conceivable: Either the mandible exhibits some sort of localized geometric abnormality, or the prescribed range of porosities is not adequate. In both cases, computed thickness profiles, as exemplified in Fig-ures 2(c) and (d) , can give useful insights, as incentives for further, targeted, examinations.
Conclusion
The method developed in this paper allows for "extension" of 2D radiographs into the third direction; i.e. for determination of the thickness of the cortical shell and the trabecular core of mandibular bone.
It is based on the average rule for X-ray attenuation coefficients, as well as on attenuation-intensity relations. Besides from completing the geometrical information available in the clinic, the method may help to detect bone flaws, such as cancerous lesions, and also provide input for Finite Element structural mechanics simulations [5] .
